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Mathematical Mindsets

Case 2. Growing Shapes: The Power
of Visualization

“The next case | want to share comes from a very different seeting
4 San Francisco Bay Arca summer school where students had been referred because they were not
performing well in the school year. I was teaching onc of the four math classes with my graduate
students -.u'rSr;anrd. We had decided to focus the classes on algebra, but not algebra as an end
point, with students mindlessly solving for x. Instead, we taught algebra as a prol)lcm—solving
rool that could be used to solve rich, engaging problems. The students had just finished sixth and
seventh grades, and most of them hated math. Approximately half the students had received a

D or an [ in their previous school year (for more derail, see Boaler, 2015a; Boaler & Sengupta-
Irving, 2015).

In developing a curriculum for the summer school, we drew upon a range of resources,
including Mark Driscoll’s books. Ruth Parker’s mathematics problems, and two curricula from
England—SMILE (which stands for secondary mathematics individualized learning experience)
and Points of Departure. The task that created this case of mathematics excitement came from
Ruth Parkers it asked the students o extend the growing pateern shown in Exhibit 5.1, made out
of multilink cubes, to find how many cubes there would be in the 100th case. (Full-page task
worksheets of all exhibits can be found in the Appendix.)

The students had multilink cubes to work wich. In our teaching we invited the students to work
together in groups to discuss ideas, sometimes groups we teachers chose, other times groups the
students chose. On the day in question, I noticed an interesting grouping of three boys—three
of the naughtiest boys in my class! They did not know each other before coming to the summer
school, but all three spent most of the first week of summer school either off task or working to
pull others off task. The boys would shout things out when others were at the board showing
math and gt:m:mlly seemed more inrerested in social conversations than math conversations in
the carly days. Jorge had received an F in his last math class, Carlos a D, and Luke an A. But the
day we gave the students this task, something changed. Incredibly, the three boys worked on this
math task for 70 minutes, without ever stopping, becoming distracted, or moving off task. At one
point some girls came over and poked them with pencils, which caused the boys to pick up their
work and move to another table, they were so intensely engaged in the task and working to solve

2 middle school classroom in

the problem.

All of our lessons were videotaped, and when we reviewed the film of the boys working that
day we watched a rich conversation about number patterns, visual growth, and algebraic gener-
alization. Part of the reason for the boys’ intense engagement was an adapration to the task that
we had used—an adaptation that can be used with any math task. In classrooms, typically when
function tasks such as the one we gave to the students are assigned, they are usually given with
the instruction to find the 100¢h case (or some other high number) and ultimately the nth case.
We did not start with this. Instead, we asked the students to first think alone, before moving to
group work, about the ways they saw the shape growing. We encou raged them to think visually,
ot with numbers, and to sketch in their journals, showing us where they saw the extra cubes in
cach case. The boys saw the growth of the shape in different ways. Luke and Jorge saw the growth
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Shapes Task

How do you see the shapes growing?
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Source: From Ruth Parker; a task used in MEC courses

Exhibit 5.1
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FIGURE 5.2 Students’ work
Source: Selling, 2015.
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looked back at their diagrams and tried out ideas with cach other, many of which were incorrect
but helpful in ultimately forming a pathway to the solution. After watching the case with teachers
at conferences, 1 ask them what they see in the boys® interactions that could help us understand
rance and engagement. Here are some important observations that

their high level of perseve
ment of all students:

reveal opportunities to improve the engage
1) The task is challenging but accessible. All three boys could access the task, but it
provided a challenge for them. It was at the perfect level for their thinking, It is very hard to find
tasks that afe perfect for all seudents, but when we open tasks and make them broader—when
we make them what I refer to as “low floor, high ceiling"—this becomes possible for all students.
The floor is low because anyonc ¢an sce how the shape is growing, but the ceiling is high—the
function the boys were exploring is a quadratic function whereby case 7 can be represented by
(n+1)? blocks. We made the floor of the task lower by inviting the students to think visually

about the case—although, as 1 will discuss later, this was not the only reason for this important

adaptation.

2) The boys saw the task as a puzzle, they were curious about the solution, and they
wanted to solve it. The question was not “real wortld” or about their lives, but it completely
engaged them. This is the power of abstract mathematics when it involves open thinking and

connection making,

3) The visual thinking about the growth of the task gave the boys understanding of
the way the pattern grew. The boys could see that the task grew as a square of (n+1) side length
because of their visual exploration of the pattern growth. They were working to find a complex
solution, but they were confident in doing so, as they had been given visual understanding to

help them.

4) 'The boys were encouraged by the fact that they had all developed their own way of
seeing the pattern growth and their different methods were valid and added different insights
into the solution. The boys were excited to share their thinking with each other and use their own
and each other’s ideas in the solving of the problem.

5) The classroom had been sct up to encourage students to proposc ideas without
being afraid of making mistakes. This enabled the boys to keep going when they were “stuck,”
by providing ideas, right or wrong, that enabled the conversation to continue.

6) We had raught the students to respect each other’s thinking, We did this by valuing
the breadth of thinking everyone could offer, not just the procedural thinking that some could
offer, valuing the different ways people saw problems and made connections.

7) The students were using their own ideas, not just following a method from a book
as they learned core algebraic content. The fact that they had proposed different visual ideas for
the growth of the function made them more invested and interested in the task.

8) The boys were working together; the video shows clearly the way the boys built
understanding through the different ideas they shared in conversation, which also enhanced their

it f the mathematics.
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FIGURE 5.4 i
The Bowling Alley Method—cubes are added like pins in a bowling alley
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FIGURE 5.10 The Square Method—the shapes can be rearranged as a square each time

I'recently gave this pattern-growth task to a group of high school teachers who did not take the
me to explore the visual growth of the shape and instead produced a table of values like this:

case #cubes

1 4
2 9
3 16
n (n+1)2

ti

When I asked the teachers to tell me why the function was growing as a square, why it was
(n+1) squared, they had no idea. But this is why we see a squared function: the shape grows as a
square, with a side of (n+1), where n is the case number (see Figure 5.11).

When we do not ask students to think visually about
have access to important understand ing about function
“n” means or represents, and algebra remains a mystery

the growth of the shape, they do not
al growth. They often cannot say what
to them—a set of abstract lecters they

FIGURE 5.9 “Stairway to Heaven, Access Denied”—from Wayne’s Wor

FIGURE 5.11 The Square Method 2

. . 0
EIGURE 5.8 The Slicing Method—the layers can be viewed diagonally
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move around on a page. Our summer school students knew what “n” 1'cprcscnu:d. becanse they
had drawn it for themselves. They knew why the function grew as 3 square and why the nth case
wis 1'up1‘cscr1[cd by (n+1 )2, The algebraic expression they ultimarely produced was meaningful
to them. Additionally, ceudents did not think they were finding a standard answer for us; they
thought they werc exploring methods and using their own i deas and thoughts, which included
their own ways of seeing mathematical growth. In the final section of this chapter, 1 will review
the ways thesp features of this rask can be used in other tasks to produce increased student engage-

ment and underscanding,

Case 3. A Time to Tell?

When I share open, inquiry-based mathematics tasks with reachers, such as the growing shapes or
“raindrop” task just discussed, they often ask questions such as, “I get that these rasks are engag-
ing and create good mathematical discussions, but how do students learn new knowledge, such
as trig funcrions? Or how to factorize? They can’t discover it This is a reasonable question, and
we do have important research knowledge about this issuc. It is true that while ideal matheraatics
discussions are those in which students use mathematical methods and ideas to solve problems,
there are times when teachers needs to introduce students to new methods and ideas. In the vast
majority of math¢matics classrooms, this happens in a routine of teachers showing methods to
students, which students then practice through textbook questions. In beteer mathematics class-
rooms, students go beyond practicing isolated methods and use them to solve applied problems,
bue the order remains—teachers show methods, then students use them.

In an important study, rescarchers compared three ways of teaching mathematics (Schwartz &
Bransford, 1998). The first was the method used across the United States: the teacher showed
methods, the students then solved problems with them. In the second, the students were left to
discover methods through exploration. The chird was a reversal of the typical sequence: the stu-
dents were first given applied problems to work on, even before they knew how to solve them;
then they were shown methods. It was this third group of students who performed at signifi-
cantly higher levels com pared to the other two groups. The rescarchers found that when students
were given problems to solve, and they did not know methods to solve them, but they were given
opportunity to explore the problems, they became curious, and their brains were primed to learn
hew methods, so that when teachers taught the methods, students paid greater attention to them
and were more motivated to Jearn them. The researchers pu blished their results with the title
“A Time for Telling,” and they argued that the question is not “Should we zell or explain meth-
ods?” but “When is the best time do this?” Their study chowed clearly that the best time was 4 ier
students had explored the problems.

How does this work in a classroom? How do teachers give students problems that they cannot
solve without the students experiencing fruseration? In describing how this works in practice,

I will draw from two different cases of teaching.
The first example comes from the research study 1 conducted in England that showed that stu-
N ] 1 ehieved at significantly higher
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levels in mathematics, both i i
evels in mathema Work(lt;l:;; ;E:il(l)(li]arlihzled tests (Boaler, 1998) and later in life (Boaler, 2005)
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FIGURE i
5.13 The triangle formed from a 1-meter fence section
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